Abstract-A solution to the problem of eliminating the chattering effect, which is always associated with practical implementations of variable structure control, is presented in this paper with reference to a class of uncertain multi-input nonlinear systems. The solution procedure relies on the application of an original control approach capable of enforcing a second-order sliding mode (i.e., a sliding regime on a surface [ ( )] = 0 in the system state space, with _[ ( )] identically equal to zero, a regime enforced by a control signal depending on [ ( )], but directly acting only on [ ( )]). Such an approach, in its original formulation, only applies to single-input nonlinear systems with particular types of uncertainties. In the present paper, its validity is extended to multi-input nonlinear systems characterized by uncertainties of more general nature, covering a wide class of real processes.
I. INTRODUCTION
It is a common opinion that the major drawback of sliding mode control is the so-called chattering phenomenon. Such a phenomenon consists of the oscillation of the control signal, tied to the discontinuous nature of the control strategy, at a frequency and with an amplitude capable of disrupting, damaging or, at least, wearing the controlled physical system (e.g., in mechanical systems with backlash). Actually, the robustness of sliding mode control is strictly connected to the high-frequency oscillations of the control signal. Yet, in practical applications the oscillation frequency is obviously finite so that a degradation of the performances occurs, degradation which is less and less acceptable the lower the frequency is. A number of direct ways to face the chattering phenomenon from a theoretical viewpoint have been developed recently. Most of them consist of a continuous approximation of the discontinuous feedback law [12] . Such approximation in a boundary layer results in chattering as well in systems with unmodeled fast dynamics, giving rise to oscillatory behaviors of unpredictable (medium, low) frequency, capable of exciting system's resonance modes. Another class of techniques is based on the use of an observer [11] controlled so as to generate a sliding mode on a manifold in the observer state space which tends to coincide with the ideal sliding manifold. The discontinuous high-frequency control is filtered by the high-gain unmodeled dynamics giving rise to a continuous control which turns out to be close to the so-called "equivalent control" [11] . A third approach to attain a chattering-free behavior is that presented in [10] , under the assumption of perfectly known systems, and in [1] and [2] , in the case of uncertain systems with known upperbounds of the system dynamics and of the related Lie derivatives. It consists of embedding the original system into a higher order system in which the time derivative of the control appears explicitly. This signal is designed to be discontinuous on a suitable manifold in the augmented state space following the standard sliding mode control theory. A motion on this manifold, due to the uncertainties on system dynamics, can be guaranteed, asymptotically, by using first-order observers [2] . Finally, another way to avoid chattering without using observers consists of enforcing a second-order sliding mode on a manifold in the original state space, i.e., a sliding regime on a surface s[x(t)] = 0 in the system state space, with _ s[x(t)] identically equal to zero, a regime enforced by a control signal depending on s[x(t)], but directly acting only on s[x(t)] [9] . A list of possible second order sliding mode algorithms is presented in [8] . Some of them are characterized by a finite time reaching of the sliding manifold, provided that the sign of the sliding quantity and its time derivative are known. Recently, another algorithm of the same type has been proposed by the authors [3] . It differs from the other algorithms generating second order sliding modes presented in [8] in the switching logic, which is derived from time optimal bang-bang control [7] . Moreover, it presents some advantages as far as the control effort, the maximum convergence time interval, and the dimension of neighborhood of the origin to which the controlled trajectory converges. The aim of the present paper is to generalize to some classes of multi-input systems of practical relevance the procedure for the elimination of the chattering phenomenon developed in [3] for single input systems. The paper is organized as follows. Some basic results relevant to the chattering elimination problem for uncertain nonlinear SISO systems are briefly recalled in the next section. A multi-input version of the chattering elimination problem is formally introduced in Section III, where our solution proposal, which is the contribution of the present work, is described in details.
II. THE CHATTERING ELIMINATION PROBLEM FOR UNCERTAIN NONLINEAR SISO SYSTEMS
In this section, previous results for the single-input case presented in [3] and [6] are briefly recalled. Given the system
(1) with x(t) = [x 1 ; x 2 ; 111 ; x n ] T representing the completely available state and f [x(t)] and g[x(t)] uncertain smooth functions satisfying the classical condition for the existence and uniqueness of the solution, and the following inequalities:
with G1 , G2 , P f , Q f , P df , Q df , P dg , Q dg real positive known constants, find a continuous control u(t) such that, in spite of the uncertainties (2)-(5), the state of (1) is steered to zero exponentially. To determine the desired continuous control the following procedure, for instance, can be considered [2] . 1) Differentiate the second equation of (1), rename _ x n (t) as xn+1 (t) = f [x(t)] + g[x(t)]u(t), and consider the augmented order system _ x i (t) = x i+1 (t) (i = 1; 2; 1 11; n 0 1) 3) Consider the first and second time derivative of s[
If it is possible to steer s[x(t)] to zero in finite time by using a discontinuous control signal _ u(t), then, the corresponding u(t)
is continuous, thereby eliminating the undesired high-frequency oscillations of u(t) typical of the standard VSC design. Assume y 1 (t) = s[x(t)] and y 2 (t) = _ s[x(t)], then, relying on (7), the system dynamics (1) and the relevant uncertain dynamics (8), (9) can be rewritten as . The first two lines of (10) correspond to a linear system controlled by y1(t), and this system is stable by assumption. The second two equations of (10) correspond to a nonlinear uncertain second-order system [y 2 (t) is not available for measurement] with control v(t). If the control v(t) steers to zero both y 1 (t) and y 2 (t), that is a second-order sliding mode is enforced, then the behavior of the whole system is equivalent to that of a linear autonomous stable system evolving on the manifold defined by (7) . Note that the last two equations of (10) are coupled with the previous ones through the uncertainties
In [3] it has been shown that, through an initialization phase, a finite dimension boundary layer of the second-order sliding set
s[x(t)] = 0 is reached in finite time by using a control u(t) = u0 + t t v(t) dt, with u0 = H0(x0) sign(y1 ) and v(t) = 0H(x; t) sign(y 1 ), where H 0 (x 0 ) and H(x; t) are known positive functions guaranteeing the conditions y1 y2 > 0 and y 2 _ y 2 0k 2 , respectively. Once this boundary layer is reached, the states of (10) are bounded so that it is possible to determine constants G1, G2, F such that jF[x(t); u(t)]j < F , and G1 g[x(t)] G2.
As a result, the problem can be reformulated as indicated in the following section.
A. The Auxiliary Problem
As a preliminary step of our treatment, we consider the following problem: given the system [3] , [4] , and [8] . Hereafter, a synthetic and qualitative presentation of the solution procedure is provided for the readers'
convenience. Consider a double integrator _ y 1 = y 2 , _ y 2 = v. In this case, there are algorithms capable of causing the finite time reaching of the origin. One, in particular, can be derived by the well-known time optimal bang-bang control approach [7] according to the following propositions.
Proposition 1:
The time optimal switching logic v(t) = 0V M signfy 1 (t) 0 (y 2 (t)jy 2 (t)j=2V M )g when y 1 (t)y 2 (t) > 0, can be replaced by
with t M such that y 2 (t M ) = 0.
Proposition 2: When y1(t)y2(t) is not greater than zero, the initial-
guarantees that the condition y 1 (t)y 2 (t) > 0 is achieved in finite time.
The combination of the initialization phase and the strategy (14) steers the state trajectory to the origin of the state plane with at most two switches, instead of the single switch characterizing the optimal bang-bang control; see Fig. 1 . In this sense, such a combination gives rise to a suboptimal strategy. Another way to steer the state of a double integrator to zero in finite time is that produced by the so-called twisting algorithm by Levant [8] , i.e.,
where 0 < 3 < 1 is chosen so that the slope of the trajectory is steeper in the odd quadrants. With reference to this algorithm the convergence to zero in finite time can be proved following a procedure which will be used, in the sequel, also to deal with the case of perturbed couple of integrators. More specifically, it can be verified that the sequence of
and that limi!1 y1(tM ) = 0. Moreover, the reaching time is a series of positive elements upperbounded by a geometric series with ratio strictly less than one. Therefore, lim t!1 t M = T < 1. Now consider system (11): it can be viewed as a double integrator with perturbation uncertain terms. The solution to the perturbed case proposed in [4] is based on the suboptimal algorithm indicated through Proposition 1 and Proposition 2. The point is to prove that a contractive behavior between two successive singular points is achieved despite the uncertainties F and G. The analysis has been carried out by considering, as the worst case, that in which uncertainties act always against the attainment of the contraction. Assume that, for a certain choice of V M , the worst case behavior, sketched in Fig. 2 , is not characterized by the contraction effect. There are three ways to achieve the prefixed control objective:
1) to increase the control amplitude, say V M , that is to reduce (0MVM + 8=0mVM 0 8) (Fig. 3) ; 2) to use an asymmetric switching logic as in the twisting algorithm, by suitably choosing the parameter 3 (Fig. 4) ; 3) to anticipate the switch at the moment when y1 = y1(tM ), with 2 [1=2; ], < 1 (Fig. 5 ).
With each of the above actions, the worst case turns out to be characterized by a finite time damped oscillatory time response. A particular possible behavior which has to be further considered is that which corresponds to uncertainties producing series of two successive singular points with the same sign; see Fig. 6 . In this case, y 1 (t M )y 1 (t M ) > 0, and the strategy is to change the sign of the control not only when y1(t) = y1(tM ), but also at tM . In this case, obviously, the contraction always takes place. The previous qualitative consideration motivates the following algorithm. Apart from a possible initialization phase [4] , [3] , the control algorithm is defined by the following control law:
where V M is the control amplitude to be suitably selected, t M is such that y 2 (t Mi ) = 0, and y 1 (t M ) represents the last singular value of the y1(t) function, i.e., the last local maximum, local minimum, or horizontal flex point of y 1 (t). The corresponding sufficient conditions for the finite time convergence to the sliding manifold are [6] 
An upper bound for the convergence time can be defined [6] t opt t M + 2 opt
where y 1 and t M are those defined previously, and 
M :
In some situations the use of D(t) can be too sensitive to measurement errors. A possible counteraction to this problem can be implemented when the sensitivity of the measuring device is known. To this end, assume that y 1 = y 1 + ", j"j < , > 0 being the sensitivity. Define yF = y 1 (0) for i = 0. If jyF (t) 0 y 1 (t)j > 2, then, set i = i + 1, y F = y 1 (t), and
With such a new definition of D(t) to be used in the identification of the approximate singular points the proposed control strategy can be proved to reach in finite time a boundary layer of the sliding manifold y 1 (t) = 0 of size O(), not worse than that attained in first order sliding mode.
III. A MULTI-INPUT VERSION OF THE CONTROL PROBLEM
A possible generalization to the multi-input case of the problem dealt with in Section II is presented in this section. In contrast to the standard multi-input first order sliding mode control, a Lyapunov-like approach is not available for a control problem involving an uncertain second order system. For this reason, we limit ourselves to considering some particular cases, the analysis of which is useful in dealing with a number of relevant applications. Consider the multi-input system The control problem can be restated as that of steering y 1 , y 2 to zero in a finite time in spite of the uncertainties (23), with y 2 not available. Note that from now on the dependence on t is omitted for the sake of readability.
_ x(t) = A[x(t)] + B[x(t)]u(t), u(t) 2 m

A. CASE 1: CB(x) Positive Definite and Sufficiently Dominant Diagonal
If CB(x) were not only positive definite but also sufficiently dominant diagonal, that is cbii > 
where we denote with the concise notation y 1 the last singular value of y1 . As a result, one obtains 
Then, the control law (24), with VM satisfying inequality (27), (28), is sufficient to steer the vectors y 1 and _ y 1 = y 2 to zero.
B. CASE 2: CB(x) Only Positive Definite
The drawback of this treatment, especially as far as the applications are concerned, is the assumption of diagonal dominance of CB(x).
We shall prove that it is possible to deal with the case in which CB(x)
is only positive definite but not necessarily diagonal dominant (like , and w is an auxiliary control vector whose role has to be specified. The error dynamics " i := y i 0z i is described by
In (30), since the control matrix is sufficiently dominant diagonal the generalization to the multi-input case previously addressed can be performed and the control law (24) with (27) is capable of steering the states " 1 , " 2 to zero in a finite time. In other terms, it is possible to use the plant control u to track the auxiliary system. Once the origin of the "1; "2 state space is reached, it is possible to apply the considerations made before relevant to the representation of the system dynamics in a second order sliding mode. Apart from an exponentially decaying term, the equivalent control method can be applied, and the effect of the discontinuous control v on the dynamics (29) is that obtainable by replacing it with the signal
so that (29) becomes
This system, in contrast to (30), has a completely available state. 
and, if 1, 2 are the minimum and maximum singular value of CB(x), the following inequality holds:
Since CB(x) is positive definite, [I + (1=)CB(x)] is positive definite, and its inverse is positive definite too. Thus The consequence of this fact is that the auxiliary system input w can be used to steer to zero asymptotically the auxiliary system state through a standard multi-input first order sliding mode control technique (for instance, the method of control hierarchy or the component-wise procedure) by choosing a sliding manifold z2 + cz1 = 0.
The proposed approach, on the whole, can be synthetically described by the sentence: "the plant control vector derivative drives the output signals y1 and their first derivatives to track the auxiliary system states by a second order sliding mode control, while the auxiliary system input w drives the states of the auxiliary system to zero, via a standard multi-input sliding mode control of the first order." Remark: Note that the procedure proposed works only if a hierarchy in the reaching of the sliding manifolds is established respecting the order in which the procedure has been presented. In other terms, a second order sliding mode has to be reached on " 1 = " 2 = 0 first, then, a first order sliding mode on z2 + cz1 = 0 can be attained. If the procedure is inverted, that is, if the control w discontinuous on z 2 + cz 1 = 0 results in being dominating, so that the motion on its discontinuities surface takes place before "1 = "2 = 0 is reached, the application of the discontinuous control method yields: on z 2 +cz 1 = 0; w eq = M _ u. 
This means that the auxiliary system is useless and that the dominant diagonal property is lost. 
which differs from (42) of an arbitrarily fast exponentially vanishing quantity.
C. More General Cases
The validity of the proposed approach can be extended to more general cases, provided that the structural properties of matrix CB(x) for which a well-established multi-input first order sliding mode control strategy exists [11] are inherited by the control matrix in (32), i.e., if is sufficiently large. However, if is too large, the control effort jwj needed to counteract uncertainties in (32) has to become excessively high, to balance the fact that the control matrix becomes very small. positive definite. For systems having such a control matrix, it is possible to find an appropriate Lyapunov function and a discontinuous multiinput control strategy (as in [11, pp. 52-54] ) such that the origin of the state space is reached in finite time. In this case, we can prove the following. One knows that, if G > 0, F T GF > 0, provided that F is invertible.
Indeed, X T F T GF X > 0 by posing y = F 01 X and observing that y T Gy > 0. In our case, the role of F is played by [M + CB(x)] 01 .
Then the proposition is proved. Relying on Proposition 5, one has that also in the case of system (32) the strategy indicated in [11, pp. 52-54] can be applied to attain z 2 + cz 1 = 0 in finite time.
IV. CONCLUSIONS
In this paper, a solution to the problem of the elimination of the chattering effect is proposed with reference to a class of uncertain multiinput nonlinear systems which includes very important practical systems like mechanical systems including the dynamics of the actuators. The solution procedure is based on the extension to multi-input uncertain nonlinear systems of a control approach capable of enforcing a second-order sliding mode in case of single-input nonlinear systems with particular types of uncertainties. The generalization to multi-input systems has been carried out by introducing an auxiliary system with simple structure, and by suitably mixing second order and first order sliding mode control, relying on the establishment of a hierarchy in the reaching phase: a second order sliding mode in the " error state space is attained first, then, a first order sliding mode in the auxiliary system state space is enforced, by virtue of the complete availability of the auxiliary system state. Future work will be devoted to identify a Lyapunov-like (possibly, nonsmooth) scalar function such that the finite time reaching of the selected sliding manifold can be analyzed through second order differential inequalities, with suitable contraction mapping as in the single-input case.
